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Abstract-The plane strain elastoplastic stress field around an interface crack in adhesively bonded
joints deforming in shear was determined from a large strain, incremental plasticity finite element
analysis. Two particular specimens were analysed, i.e. the end-notched flexure and the end-loaded
split, with the bond thickness varying from 18 pm to 0.4 mm. The yield behavior of the adhesive
was modeled by the von Mises (J2) and the extended Drucker-Prager (EDP) material models, the
latter being more appropriate to polymeric adhesives. Associated and non-associated flow rules
were considered for the J2 and EDP models, respectively. The adhesive stress-strain response was
assumed to be elastoplastic, and it incorporated variQus levels of strain hardening. The analysis
shows that the stresses at the crack tip are triaxial, with the deformations dominated by the shearing
component, the latter being localized at the very edge of the crack tip, an effect which tended to
increase with increasing bond thickness or decreasing degree of Strain hardening. The numerical
predictions of the length of the plastic zone that developed ahead of the crack tip and of the
distribution of average shear strain across the bond within that zone agreed well with experimental
results. In contrast with the behavior for the analogous mode I loading case, the mean stress declined
monotonically with increasing distance from the crack tip.

I. INTRODUCTION

The mechanical performance of a glue binding two distinct material phases is of interest in
a variety of industrial and technological applications, including traditional adhesive bond
ing, composite materials, microlamination and electronic packaging. Fracture mechanics
is a concept which has been widely used for assessing bond strength, but the majority of
theoretical treatments are limited to linearly elastic adhesive behavior (Trantina, 1972;
Anderson et al., 1977; Wang and Yau, 1982; Hutchinson and Suo, 1991; Akisanya and
Fleck, 1992). For tough adhesive systems, however, considerably long plastic deformation
zones (i.e. more than two orders ofmagnitude greater than the bond thickness) may develop
ahead of the crack tip prior to crack propagation (Hunston et al., 1989; Liechti and Freda,
1989; Chai, 1992). In fact, even brittle adhesives display a ductile stress-strain response
when the bond thickness is decreased to a few micrometers (Chai, 1993b). For such
applications, use of linear elastic fracture mechanics (LEFM) is clearly inappropriate.

Most treatments of interlayer nonlinearity in bonded joints are variations of the shear
lag concept (Tirosh, 1973; Hart-Smith, 1981; Chatterjee, 1991; Chai, 1992; Suo et al.,
1992), which is based on several simplifications including stress uniformity across the bond,
neglect of all interlayer stresses but the shear stress and an elastic-perfectly plastic adhesive
behavior. While this concept may be useful for predicting global mechanical responses
(i.e. specimen deflection, plastic zone length, etc.) in slender structural components, it is
inadequate for elucidating the local behavior at the crack tip, where the material actually
fails. Rigorous plasticity analyses ofcracked adhesive bonds are scarce. The most exhaustive
treatment seems to be due to Varias et al. (1991), who employed the finite element technique
in conjunction with incremental plasticity and a J 2 material model to study the stress
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Fig. I. ENF and ELS adhesive bonding specimens.

distribution in the plastic zone at the crack tip in a constrained metal foil subjected to a
remote mode I loading. The finite element technique was also used to evaluate the
elastoplastic stresses in a layered structure containing a crack lying perpendicularly to
the lamination plane (Cao and Evans, 1991).

In this work, the finite element code ABAQUS (1992) was employed to obtain the
large strain elastoplastic stress state in the adhesive for the end-notched flexure (ENF) and
end-loaded split (ELS) specimens shown in Fig. 1. These specimens are commonly used for
evaluating the mode II fracture toughness of laminated composites and adhesively bonded
joints. In addition, their relative simplicity provides insight to the understanding of fracture
in more complex adhesive bonding configurations. Experiments show that the adhesive
thickness, t, plays a major role on the fracture conditions in the bond (Chai, 1988).
Therefore, t was set as a variable in this study, ranging from 18 {lm to 0.4 mm. Global
quantities such as plastic zone length and across-the-bond average shear strain along that
zone are compared with experimental data (Chai, 1988) as well as with a previously
developed shear-lag analysis (Chai, 1992). The applicable range of the shear-lag model is
assessed from comparison with finite element results for various slenderness ratios of the
split beam. In addition, some general observations concerning the local behavior at the
crack tip are made; a more exhaustive investigation of this is deferred to future work.

The majority of elastoplastic stress analyses of adhesively bonded joints treat the
adhesive interlayer in accordance with the J2 yield criterion (Tirosh, 1973; Chatterjee,
1991; Varias et al., 1991; Cao and Evans, 1991; Chai, 1992; Suo et al., 1992). However, it
is well known that for polymeric adhesives, which are of particular interest in this work,
the yield conditions depend on pressure and follow closely a modified Mohr-Coulomb
yield criterion (Argon et al., 1968; Bauwens, 1970; Brady and Yeh, 1971; Bowden and
Jukes, 1972). For this reason, the latter type of material model was also included in this
study.

2. NUMERICAL ANALYSIS

The finite element program was employed to study the specimens shown in Fig. 1. The
plane strain and the large strain options were invoked. The width of the specimens was
25.4 mm. Consistent with experimental observations (Chai, 1993a), the crack was assumed
to lie along one of the two metal/matrix interfaces. The adherends were assumed linearly
elastic while the interlayer was elastoplastic.

2.1. Materials and geometry
The materials, geometry and loading conditions for the specimens in Fig. 1were chosen

to simulate the fracture experiments (Chai, 1988, 1992, 1993a). In this figure, a and Aa
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Table I. Material properties

Material E (GPa) v )ly to (MPa) Gte (N/M)

Adherends 69 0.3
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Fig. 2. The stress-strain responses of two elastoplastic adhesive used in the finite element analysis.
Also shown is a model specimen for producing a state of simple shear in the adhesive.
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denote the crack length and plastic zone length ahead of the crack tip, respectively, while h
and L denote the specimen's height and the specimen's span [Fig. 1(b)] or half-span [Fig.
lea)], respectively. Table 1 lists some material properties used in the finite element analysis.
The adherends were 7075 Al alloy, while the adhesive was a toughened epoxy (BP-907t,
American Cyanamid Co.). Tests under simple shear conditions using the napkin ring
specimen (Chai, 1993b) showed that the stress-strain behavior of this adhesive greatly
depends on bond thickness, an effect which may be attributed to a complex interaction of
the surfaces of the adherends with voids or microcracks and to material orientation that
may develop at large strains. The initial adhesive response was fairly well characterized by
an elastic-perfectly plastic behavior, with the yield stress, ro, being independent of t. This
was followed by a phase of strain hardening which occurred once the engineering shear
strain, y, exceeded 0.83, irrespective of bond thickness. The degree of strain hardening
varied with t, however, being nearly zero for t> 40 p.m while increasing monotonically
with decreasing t from 40 p.m. The range of material behavior discussed above is simulated
in this work by the two curves (i.e. materials 1 and 2) shown in Fig. 2. It is assumed that
the unloading path is parallel to the first stress-strain segment in Fig. 2.

The material response is input in ABAQUS (1992) through at vs 8t , the true stress and
true strain, respectively, in a uniaxial tension test, where

(I)

and 8E is the engineering strain. The experimental stress-strain data, which are simulated
in Fig. 2, are given in the form of shear stress (r) vs the engineering shear strain (y). To
convert these data into tensile stress vs tensile strain, ABAQUS (1992) was run on the
model shear specimen shown in the insert in Fig. 2; this plane strain specimen reproduces
the conditions prevalent in the napkin ring shear test. Specifically, a trial relationship for 8t

vs at was input, and the ABAQUS prediction for the engineering shear strain was compared
t Certain commercial materials and software are identified in this paper in order to specify adequately the

experimental procedure. In no case does such identification imply recommendation or endorsement by the National
Institute of Standards and Technology (NIST) nor does it imply necessarily the best available for the purpose.

SAS 31: 18-0
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with the desired model curve in Fig. 2. The initial guess was subsequently amended and re
run until the desired 1: vs }' relationship was reasonably well reproduced. This procedure
was repeated for each of the material models employed.

2.2. Material models
Referring to Fig. Al for notations, the Mohr-Coulomb yield criterion is given by

Chen and Han (1988)

11:1 = c-(Jtan¢, (2)

where 1: and (J are the limiting shear stress in the yielding plane and the normal stress on
that plane, respectively, and the material constants C and ¢ are the cohesion and angle of
internal friction, respectively. It has been shown (Argon et al., 1968 ; Bauwens, 1970; Brady
and Yeh, 1971; Bowden and Jukes, 1972) that eqn 2 describes fairly well the yield behavior
of polymeric materials under general loading if the normal stress (J is replaced by the
hydrostatic stress.

ABAQUS (1992) offers the extended Drucker-Prager (EDP) material model which,
by proper selection of material constants, can be made to simulate well the modified Mohr-
Coulomb yield criterion. The yield condition for the EDP model in ABAQUS is

where

(4)

(5)

and (J), (J2, (J3 are the principal stresses, J 2 and J 3 are the second and third invariant of the
deviatoric stress tensor, respectively, (J~ is the yield stress in a uniaxial compression test and
pand K are material parameters. Defining

(6)

where (J? is the yield stress in a uniaxial tension test, one can show (see Appendix A) that
K and pare related to Ii. through

(Ii. +2)
K = (21i.+ 1)

3(Ii.-l)
tanp = (A+2) .

(7)

(8)

To completely describe the EDP model, one needs to specify, in addition to (J~ and 11., the
parameter t/J, which is the angle between the normal to the yield surface and the increment
of plastic strain vector, daP (ABAQUS, 1992). Associated flow rule is achieved by setting
t/J = pwhile t/J i= Pcorresponds to a non-associated flow. For t/J 0, the material is non
dilatational (no volume change in the plastic deformation regime).

Unfortunately, neither A nor t/J are known for the BP-907 adhesive considered here.
Experiments on a variety of polymeric systems (Bauwens, 1970; Pae and Bhateja, 1971)
show that), typically varies in the range 1.2-1.5. In this study, a value of 1.4 was assumed
for A. In an attempt to select a reasonable value for t/J, a parametric study on the effect of
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l/t on the change of volume in the adhesive was performed on the model shear specimen
depicted in Fig. 2. The applied shearing displacement was such as to produce 100% shear
strain in the deformed adhesive; this value is representative of the ultimate shear strain of
the unflawed adhesive when tested as an adhesive bond over the bond thickness range
considered in this study (Chai, 1993b). The plastic volume change in the interlayer was
found to increase monotonically with l/t, e.g. from 0 to over 100% upon increasing l/t from
o to 19.44°. The latter choice corresponds to an associated flow if A is equal to 1.4.
Experiments show that polymers suffer only minor volume changes in the yielding or post
yielding deformation regimes (Pampillo and Davis, 1971; Wang et al., 1982). For this
reason, l/t was set as zero in the EDP model.

In addition to the EDP model, results were also obtained using the J 2 model which is
applicable to metal adhesives. The yield condition in this case is given by (Chen and Han,
1988)

(9)

where '0 is the yield stress in a simple shear test. For both the J 2 and the EDP models,
isotropic strain hardening was assumed. Such a choice is generally considered to be suitable
for problems involving large strains (Rice, 1975). It is noted that large strains may induce
anisotropy in polymeric materials, in which case the above assumption may not be strictly
correct. Unfortunately, experimental evidence on the post yield behavior of polymers
subjected to general loading is scarce.

2.3. Rate effects
The finite element results show that large strain gradients tend to develop in the

immediate vicinity of the crack tip. This localization effect was found to evolve rapidly
during particular segments of the loading, causing instability of the solution process. A
common procedure for overcoming such difficulty is to employ dynamic relaxation [e.g.
Silling (1988)] which takes into consideration rate dependency of material properties. This
tends to slow down rapid changes in the redistribution of field quantities during loading
while producing essentially quasi-static stress solutions if sufficient relaxation time is
allowed. In ABAQUS, the rate dependency is defined by

(10)

where t PI is the time derivative of the equivalent plastic strain rate, (T is the equivalent stress,
(To is the equivalent static yield stress, and D and d are material parameters. Numerical
instabilities were encountered in this work only for the EDP material model. In this case,
the rate effect [eqn (10)] was invoked, with both D and d taken as unity. Such a choice
produced essentially a quasi-static solution while eliminating the numerical instability.

To simulate the experiments (Chai, 1988, 1992, 1993a), the specimens were loaded by
a concentrated force P which was incremented up to the critical load for crack propagation
over a period of 10 minutes. The specific load increments were independently selected by
the numerical routine.

2.4. Friction
The effect of adhesive-substrate contact that may develop in the cracked portion of

the bond was studied using a built-in contact element in ABAQUS. Interfacial contact was
found to be limited to the area of the supporting point and a small region (Le. on the order
of bond thickness) just behind the crack tip. As for a Coulomb type friction, the frictional
shear stress, 'r, was assumed proportional to the normal stress, (Tn:

(11)

where IX is a friction coefficient whose value for certain polymer-metal interfaces is in the range
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Fig. 3. Finite element mesh at the crack tip vicinity, t = 18 /lm. The crack lies along the upper
adhesive-substrate interface.

0.1-0.3 (Briscoe and Tabor, 1978). A parametric study carried out in this work, where rJ.

was varied from 0 to 1, showed that friction has only a marginal effect on all data to be
reported in this work.

2.5. Mesh and convergence
Four-node isoparametric elements were used to model the adhesive bond specimens,

with the element dimensions continuously decreasing towards the crack tip. Figure 3 shows
a typical mesh pattern in the crack tip vicinity. At the tip, the mesh is composed of
rectangular-grid elements, the vertical dimension of which was typically a bit less than a
tenth of the bond thickness. Attempts to further refine the mesh were unsuccessful because
of numerical instability of the finite element solution. In contrast to commonly used
procedures (Silling, 1988; Varias et al., 1991; Cao and Evans, 1991), no artificial blunting
ofthe crack tip was made. This was because ofour desire to correctly model the experimental
conditions (Chai, 1993a) and also to gain information on the local behavior of the tip.
Convergence of the finite element solution, particularly the strain distribution around the
crack tip, was assessed by employing less refined meshes. It was concluded from this study
that good convergence of local strain is achieved starting from approximately two to three
elements or a quarter bond thickness away from the crack tip.

3. RESULTS

Figures 4(a) and (b) show, respectively, part of the deformed grid for the thickest (0.4
mm) and thinnest (18 lim) bonds studied. The adhesive stress-strain relations used for
these cases approximate those obtained from shear tests on the unflawed adhesive at
corresponding bond thicknesses (Chai, 1993b). The load P for each case corresponds to
the critical load for crack propagation as found in the fracture experiments (Chai, 1988,
1992, 1993a). The results pertain to the EDP model, with A. = 1.4 and t/J = O. Figure 4(a)
shows that the adhesive deforms mostly in shear, with particularly large shear strain at the
immediate crack tip vicinity. The magnitude of this local shear strain is several times the
average shear strain, "1 (i.e. the relative shear displacement across the bond, A, divided by
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Crack Tip
(a) t=O.4 mm, P=17,348N
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Fig. 4. The deformed grid and contours of - 3um (in units of 6.8948 x 103 Pa) at the crack tip
vicinity, where Um = (111 +112+(13)/3 is the mean stress. ENF specimen, EDP material model with
;. = 1.4 and 1/1 = O. The applied loads in (a) and (b) correspond to experimentally obtained critical
loads for crack propagation for these bond configurations (Chai, 1988). Shown in each case is part

of the upper adherend and the entire adhesive thickness.
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t) at the crack tip. Several bond thicknesses ahead of the crack tip, however, the shear
strain becomes homogeneous. It is interesting to note that, while in the bondline direction,
the plastic strain persists up to a distance of 21 mm, in the thickness direction near the
crack tip. The plastic strain occupies only part of the bond; in the rest of the thickness the
strains remain elastic. Another observation from Fig. 4(a) is that contact between the
adhesive and the substrate is limited to a region about three grids long (much less than one
bond thickness) immediately behind the crack tip. The results for the thin adhesive interlayer
[Fig. 4(b)] differ from those of the thick bond primarily by the less pronounced strain
localization. The shear strain in this case is plastic throughout the thickness of the bond,
and it becomes completely homogeneous after a distance of approximately one bond
thickness ahead of the tip. One observes that adhesive-substrate contact now persists over
a distance of several bond thicknesses behind the tip. Also, although the load in Fig. 4(a)
greatly exceeds that of Fig. 4(b), the critical average shear strain for the thick bond is much
less than that for the thin bond (i.e. 0.6 vs 1.8). At the very edge of the tip, the first few
elements in Figs 4(a) and (b) seem uncharacteristically distorted, which raises concern
about the data precision in that region. Indeed, a convergence study using different mesh
sizes showed that the adhesive shear strain converged satisfactorily only outside these
elements.

Figures 5(a) and (b) show the finite element prediction of the variations with load of the
plastic zone length Aa and of y at the tip for 18 {lm and 0.4 mm thick bonds. Also shown
[Figs 5(c, d)] are the distributions of y ahead of the crack tip for a given load and the
variations of the load-point deflection, J, with load. The loads in Fig. 5(c) correspond to
the fracture loads as obtained in experiments pertaining to the same bond configurations
(Chai, 1988, 1992, 1993a). Results are given for the EDP and the J2 material models. All
the data in these figures were produced using the ENF specimen. Selected data generated
using the ELS specimen showed that the difference in the results between these two speci
mens was marginal. As shown in Figs 5(a-d), the difference between the predictions of the
EDP and J2 models is negligible. Figure 5(a) shows that a measurable plastic zone develops
once P is increased from a certain value, which depends on t, and that the critical length of
the plastic zone is overwhelmingly greater than the bond thickness. The average shear strain
increases rapidly toward the crack tip [Fig. 5(c)], reaching, in the case of the 18 {lm thick
bond, a value as large as 180%.

Figure 6 (solid curve) shows the variations of the critical length of the plastic zone,
Aaer (i.e. the length of the plastic zone ahead ofthe crack tip at the time ofcrack propagation)
with bond thickness. This curve is a fit to numerical results pertaining to the seven bond
thicknesses listed in the figure. The corresponding loads and material choices are also listed
in the figure, respectively. The loads are the critical loads obtained from the fracture
experiments (Chai, 1988, 1992) and the material choices are the simulation of stress-strain
curves (Fig. 2) obtained in the napkin ring tests (Chai, 1993b). As shown, Aaer is quite fixed
for t > 0.15 mm while declining monotonically for thinner bonds. Its value in the
micrometer thickness range is several millimeters.

4. COMPARISON WITH EXPERIMENTS

Figures 5(a,b,d) and 6 show experimental data pertaining to variations with load P of
Aa, yat the crack tip and J, and the variations of Aaer with t, in that order. These data were
obtained from analysing video records of ENF adhesive bonding specimens during the
deformation process (Chai, 1992, 1993a). In all these figures, the numerical results seem to
agree fairly well with the experiments.

A simplified shear-lag analysis, based on strength of material approximations for the
adherend deformation, was recently developed for the specimens shown in Fig. 1 (Chai,
1992). The main simplifications concerning the adhesive layer in that analysis are: (a) the
adhesive thickness is vanishingly small compared with the thickness of the adherends; (b)
neglect of all the stress components in the interlayer but the shear stress; (c) neglect of the
variations of shear stress across the bond; (d) elastic-perfectly plastic adhesive response.
The shear-lag model predictions of the plastic zone characteristics also agreed well with
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(a)

Fig. 5. The variation of the plastic zone at the crack tip with load (a), the variation of average shear
strain at the crack tip with load (b), the distribution of average shear strain along the plastic zone
for a given load (c), and the variation of the deflection under load with load (d), ENF specimen, J,
flow and EDP flow with A= 1.4 and l/J = O. Adhesive material No. I (t = 0.4 mm) and No.2 (I = 18
jim). For each plot, the experimental data shown (Chai, 1992, 1993a) correspond to the same

specimen parameters as used in the finite element analysis.
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variable, t = 0.4 mm. Solid circles represent J, material model with adhesive material No. I. The
inserts specify the parameters used in the finite element analyses. The solid lines represent the shear-

lag model prediction (Chai, 1992).

experimental results (Chai, 1992). This model, however, is incapable of reproducing the
local behavior at the crack tip and even "global" responses (e.g. yand L1a) if the specimen's
arms are relatively thick.

The applicable range of the shear-lag model can be assessed from Fig. 7, which
compares the shear-lag and the finite element predictions of the critical y at the crack tip
and the critical plastic zone length at various slenderness ratios (2h/L) of the split beams.
The results in these figures pertain to the ELS specimen. Details of the specimen con
figurations used are listed in the figures. Figure 7(a) shows that the shear-lag model agrees
well with the finite element results up to a slenderness ratio of approximately 0.25; for
larger ratios the difference in the predictions increases gradually, reaching over 25% when
2h/L equals 0.5. One also observes from Fig. 7(a) that the shear-lag model noticeably
departs from the finite element analysis when the slenderness ratio is decreased from
approximately 0.15. This departure is most likely due to the effect of the relatively thick
bond used (i.e. t = 0.4 mm), which is completely neglected in the shear-lag model (i.e. the
model assumes that t = 0). In contrast to Fig. 7(a), Fig. 7(b) shows that the plastic zone
length predicted by the shear-lag model agrees well with the finite element results for all
slenderness ratios considered. This is clearly because the zone length is a less sensitive
quantity than the shear strain. The applicability of the shear-lag model can also be assessed
from Fig. 8, which shows the distance from the crack tip over which the shear strain first
becomes uniform (to within a 10% variation across the bond), L1x, as a function of bond
thickness. The specific bond configurations used are listed in the figure. The load in each
case is the experimentally obtained critical load for crack propagation (Chai, 1988, 1992,
1993a). As shown, for t> 0.1 mm, the strain inhomogeneity seems to extend five to six
bond thicknesses ahead of the tip. For thinner bonds, the span of strain inhomogeneity
gradually declines, becoming of the order ofone bond thickness in the micrometer thickness
range.

The fracture behavior ofadhesive bonds is greatly affected by the mechanical properties
of the interlayer. For a brittle epoxy adhesive, the fracture process in mode II was found
to start with the formation of tensile microcracks ahead of the crack tip and to end with
the linkage ofadjacent microcracks through growth along the interface (Chai, 1988, 1993a).
In contrast, for a ductile adhesive, the crack grew from the tip (Chai, 1993a). Common to
both adhesive systems, however, was the fact that for a given bond thickness, the critical
average shear strain at the crack tip agreed fairly well with the ultimate shear strain of the
unflawed adhesive interiayer (Chai, 1993a), the latter of which was determined using the
napkin ring test specimen (Chai, 1993b). It should be noted that this correspondence held
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Fig. 8. The distance from the crack tip at which the adhesive shear strain begins to be uniform
across the bond, ~x, as a function of bond thickness. ENF specimen, J2 material model. The

specimen parameters used to generate the individual finite element point are listed in the figure.

true only for relatively thin bonds. If one assumes that the shear strain in the napkin ring
test is homogeneous across the bond, then the agreement noted above would seem at odds
with the observation that the shear strain for the ductile BP-907 adhesive tended to localize
at the crack tip (Chai, 1993a), and that this local strain which governs crack propagation
may well exceed the average shear strain at the tip. A closer examination of the napkin ring
test results shows, however, that the shear strain at the time of bond failure is not entirely
uniform across the bond. As shown in Fig. 8 by Chai (l993b), final bond separation was
the result of the coalescence of large voids that formed during the deformation process. It
is also apparent from this figure that the magnitude of the local shear strain that developed
around such voids considerably exceeds the average shear strain in the bond. Accordingly,
the apparent discrepancy noted above can only be reconciled if one assumes that the degree
of strain localization around such voids is similar to that developed at the tip of a large
crack. Under this assumption, the average shear strain at the crack tip becomes a viable
quantity for predicting crack propagation in the bond.

Another parameter that may affect fracture in ductile materials is the mean stress;
large hydrostatic tension is known to cause failure through void growth and coalescence.
Figure 4 shows that for both the thick and the thin bonds, the mean stress in the interlayer
is negative (compression) and it declines monotonically with increasing distance from the
crack tip. The maximum value in the case of the 18 J.lm thick bond is approximately the
same as the uniaxial compression yield stress of the adhesive. This contrasts to the behavior
for the analogous mode I loading case (Varias et al., 1991) where the largest mean stress,
occurring a few bond thicknesses ahead of the crack tip, may be several times the uniaxial
yield stress in tension. Although the largest mean stress for the 18 J.lm thick bond is more
than two fold larger than that for the 0.4 mm thick bond (see Fig. 4), the napkin ring tests
show that only in the latter case did void growth and coalescence occurred (Chai, 1992b).
This is possibly because in a thin interlayer the concentration of strains around voids is
reduced due to interference with the relatively rigid adherends. More quantitative infor
mation on the void size-adhesive thickness interaction would be needed to understand the
final fracture process in adhesive bonds better. Some work on this subject already exists in
the literature (Tvergaard, 1991).

5. SUMMARY AND CONCLUSIONS

The distribution of elastoplastic stresses and strains in cracked adhesive bonds sub
jected to shear loading was determined from a large strain, quasi-static finite element
analysis. The adhesive post-yield behavior was modeled by the J2 criterion with associated
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flow rule and by a modified Mohr-Coulomb criterion with non-associated flow rule.
Isotropic strain hardening was considered for both material models.

A narrow region of intense plastic deformation dominated by shear was developed at
the very edge of the crack tip. The shear strain within that region was several times the
average shear strain at the crack tip. Increasing adhesive strain hardening or decreasing
bond thickness tended to reduce strain localization; for a 0.4 mm and an 18 /lm thick bond,
the interlayer shear strain became homogeneous starting from approximately 2.4 mm and
25 /lm ahead of the crack tip, respectively. The critical length of the plastic zone that
developed ahead of the crack tip and the variation of average shear strain along that zone
were little affected by the particular material model used. The variations with P of the
plastic zone length and of the average shear strain at the crack tip agreed well with
experimental results and also with a simplified shear-lag analysis, which neglects all adhesive
stresses except the shear stress and disregards variations of this shear stress across the bond.
The shear-lag analysis was found to predict quite accurately global mechanical responses
as long as the slenderness ratio of the split beams is less than approximately 0.25. The mean
stress in the interlayer was found to increase with decreasing bond thickness. Its maximum,
which always occurred at the very edge of the crack tip, did not exceed the uniaxial yield
stress for all bond thicknesses attempted.
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APPENDIX A

Utilizing well-known expressions for the second and third invariant of the deviatoric stress tensor, the
parameters rand q in eqn (3) can be expressed as

(AI)

I
q = fi[(0"1-0"2)2+(0"2-0"3)2+(0"3-0"1)2 j I/2. (A2)

Substitution of the conditions for uniaxial tension (0", = O"~, (12 = (13 = 0) in eqns (AI), (A2), (3) and (6) leads to

The parameter tjJ can be related to;. using Fig. Al (Chen and Han, 1988)

A. -I (i.-I)
'1'= tan /1'

2...,;)'

(A3)

(A4)

Matching the EDP with the Mohr-Coulomb model for a triaxial compression loading case, one finds (ABAQUS,
1992)

Using eqn (A4) in eqn (AS), one has

Comparing eqns (A3) and (A6), one gets

6sint/J
tanfJ = 3-sint/J'

3().-I)
tanfJ = ()'+2) .

(i.+2)
K=(2).+I)·

(AS)

(A6)

(A?)

Therefore, all the material constants in the EDP model can be specified by the two independent material constants
u? and),.

T

ITI-c- u tan ~

c
--+-------I.-----+----+---f--H-f---=::;,....-1---U

c

Fig. AI. Graphic representation of the Mohr-Coulomb yield condition (Chen and Han, 1988).


